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Properties of special classes of analytic
functions which are multipliers of the
Cauchy-Stieltjes integrals
Peyo Stoilov, Milena Racheva
Abstract
Special classes of analytic functions, denoting by K and J arc con-
sidered in this paper. It is proved, that f ∈ J if and only if f ′ ∈ K ;
f ∈ J yildse f ◦ φa ∈ J , where φa(z) = z + a/1 + za, − 1 < a < 1;
J ⊂ F0 ⊂ BMOA . The classes J and K were introduced in [4].
1 Introduction
Let D denote the unit disk in the complex plane and T the unit circle. Let
M be the Banach space of all complex-valued Borel measures on T with the
usual variation norm.
For α ≥ 0 , let Fα denote the family of the analytic functions f , for which
there exists µ ∈M such that
f(z) =
∫
T
1
(1− ξz)α
dµ(ξ), α > 0,
f(z) = f(0) +
∫
T
log
(
1
1− ξz
)
dµ(ξ), α = 0.
Let µ ∈M . In [4] were introduced the functions Jµ and Kµ by
Jµ(z) =
∫
T
log
(
1− ξz
1− ξz
)
dµ(ξ),
01991 Mathematics Subject Classification: Primary 30E20, 30D50.
0Key words and phrases: Analytic function, Cauchy-Stieltjes integrals, BMOA.
49
50 Peyo Stoilov, Milena Racheva
Kµ(z) =
∫
T
(
1
ξ − z
−
ξ
1− ξz
)
dµ(ξ) =
∫
T
1− ξ2
(ξ − z)(1− ξz)
dµ(ξ).
In this paper some properties of the classes J and K are given, where
J = {f : f = Jµ, µ ∈M} ,
K = {f : f = Kµ, µ ∈M} .
2 Main results
Let
φa(z) =
z + a
1 + za
, − 1 < a < 1.
Lemma 1. If f ∈ K then (f ◦ φa) φ
′
a ∈ K.
Proof. Suppose that f = Kµ. Then
(f ◦ φa) =
∫
T
(
1
ξ − z+a
1+za
−
1
1− ξ z+a
1+za
)
dµ(ξ) =
= (1 + za)
∫
T
(
1
ξ(1 + za)− z + a
−
1
(1 + za)− ξ(z + a)
)
dµ(ξ) =
= (1 + za)
∫
T
1
1− ξa
(
1
ξ−a
1−ξa
− z
−
ξ
1− ξ−a
1−ξa
z
)
dµ(ξ).
Since |a| < 1 , the function
φ−1a (z) =
z − a
1− za
maps T one-to-one on T . For each Borel set E ⊂ T, let ν(E) = µ(φa(E)).
Then ν ∈M and we can write
f ◦ φa = (1 + za)
∫
T
1
1− φa(ξ) a
(
1
ξ − z
−
φa(ξ)
1− ξ z
)
dν(ξ) =
=
(1 + za)2
1− a2
∫
T
1− ξ2
(ξ − z)(1 − ξz)
dν(ξ) =
1
φ′a(z)
· q(z),
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where q = Kν ∈ K. Consequently
(f ◦ φa) φ
′
a = q(z) ∈ K.
Theorem 1.
a) f(z)− f(0) = Jµ(z) if and only if f
′(z) = Kµ(z) ;
b) J ⊂ Fα for every α ≥ 0;
c) If f ∈ J then f ◦ φa ∈ J.
Proof. Suppose that f(z)− f(0) = Jµ(z) .
Then f has the representation
f(z)− f(0) =
∫
T
log
(
1− ξz
1− ξz
)
dµ(ξ),
with µ ∈M. Then
f ′(z) =
∫
T
(
−ξ
1− ξz
+
ξ
1− ξz
)
dµ(ξ) =
∫
T
(
−ξ
1− ξz
+
1
ξ − z
)
dµ(ξ) = Kµ.
Conversety, suppose that f ′(z) = Kµ(z) , i.e
f ′(z) =
∫
T
(
1
ξ − z
−
ξ
1− ξz
)
dµ(ξ), µ ∈ M.
Then
f(z) =
∫ z
0
f ′(t) dt+ f(0) = .
=
∫ z
0
(∫
T
(
1
ξ − t
−
ξ
1− ξt
)
dµ(ξ)
)
dt+ f(0) =
=
∫
T
(∫ z
0
(
1
ξ − t
−
ξ
1− ξt
)
d t
)
dµ(ξ) + f(0) =
=
∫
T
(
log
1− ξz
ξ − z
− log
1
ξ
)
dµ(ξ) + f(0) =
=
∫
T
log
(
1− ξz
1− ξz
)
dµ(ξ) + f(0) = Jµ(z) + f(0) .
To prove b), assume that f(z) = Jµ(z) .
Then a) implies f ′(z) = Kµ(z) .
Since
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f ′(z) =
∫
T
(
1
ξ − z
−
ξ
1− ξz
)
dµ(ξ) = −
∫
T
ξ
1− ξz
dµ(ξ)−
∫
T
ξ
1− ξz
dµ(ξ),
then f ′(z) ∈ F1(z) .
From f ′(z) ∈ F1(z) it follows that f(z) = Jµ(z) ∈ F0 [3].
Theorem 3[3] implies that F0 ⊂ Fα for α > 0 ,
therefore Jµ(z) ∈ Fα for every α ≥ 0.
We shall prove c). If f ∈ J then f ′(z) ∈ K and by Lemma 1
(f ′ ◦ φa) φ
′
a ∈ K.
Consequently (f ◦ φa)
′ ∈ K which yields f ◦ φa ∈ J.
Theorem 2. If f(z) ∈ F0 then f(z) ∈ BMOA.
Proof. Let f(z) ∈ F0 . Then f(z) has the representation
f(z) =
∫
T
log
(
1
1− ξz
)
dµ(ξ) =
∑∞
n=1
zn
n
∫
T
ξn dµ(ξ)
and ∣∣∣fˆ(n)∣∣∣ =
∣∣∣∣ 1n
∫
T
ξn dµ(ξ)
∣∣∣∣ ≤ 1n ‖µ‖ .
Now we shall make use of the fact that BMOA ≈ H1∗ [1], as
< f, h >= lim
r→1
∫
T
f(rξ) h(ξ) dm(ξ), f ∈ BMOA, h ∈ H1.
If h ∈ H1 then
∣∣∣∣
∫
T
f(rξ) h(ξ) dm(ξ)
∣∣∣∣ ≤ ∑∞n=1
∣∣∣fˆ(n)∣∣∣ rn ∣∣∣∣
∫
T
ξ −n h(ξ) dm(ξ)
∣∣∣∣ =
=
∑∞
n=1
∣∣∣fˆ(n)∣∣∣ rn ∣∣∣hˆ(n)∣∣∣ ≤ ‖µ‖ ∑∞
n=1
1
n
∣∣∣hˆ(n)∣∣∣ rn.
By Hardy’s inequality
∑∞
n=1
1
n
∣∣∣hˆ(n)∣∣∣ ≤ pi ‖h‖H1 .
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Therefore
‖f‖BMOA = sup
{
lim
r→1
∣∣∣∣
∫
T
f(rξ) h(ξ) dm(ξ)
∣∣∣∣ , ‖h‖H1 ≤ 1
}
≤ pi ‖µ‖ <∞.
Corollary. J ⊂ BMOA .
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